Proof. Check that a = β(d − 1)! in the proof of 1.4. 0.2 (cf. 1.3). Let R be an o-minimal expansion of R, S 1 , . . . , S N ⊆ R be countable sets, and h : R N → R be given. If every subset of R definable in (R, h, S 1 , . . . , S N ) either has interior or is nowhere dense, or if (R, h, S 1 , . . . , S N ) is d-minimal, then the same is true of the expansion of R by all subsets of h(S 1 × · · · × S N ).
Proof. Immediate from [FM, Theorem B and Claim on pg. 62].
0.3 (refinement of 3.1). If f ∈ H is infinitely increasing, bounded above by some e x N , and every subset of R definable in (R, f ) either has interior or is nowhere dense, then there exist β, c, r > 0 and a monic P ∈ x.Q[x] + R such that f e −βP − 1 ≤ ce −rx .
(Refinements of 3.4 and Theorem B follow easily; I leave the details to the interested reader.)
Proof. By 3.1, there exists P ∈ R[x] such that the remaining conditions hold, so we need show only that
By 0.1, (R, f ) defines e βx . By 0.2, every subset of R definable in (R, f , f e −βQ ) either has interior or is nowhere dense. Since f e −βQ ∼ e β(P −Q) , we have M = 1 by 0.1 and 1.5.
0.4 (an application of 0.3). Let α > 1, P ∈ R[x] \ R and R be an o-minimal expansion of R. Then (R, α P ) is d-minimal iff R has field of exponents Q and there exists β ∈ R such that P − P (0) ∈ β.Q[x].
Proof. It suffices to consider the case α = e, P is monic, and P (0) = 0.
The forward implication is immediate from the definition of d-minimality, 0.1, 1.5 and 0.3. Assume that R has field of exponents Q and P ∈ β.Q[x] for some β ∈ R. Write 
An alternate version of Theorem A
Here, i := √ −1, and for r > 0, x ir denotes the restriction to the positive real line of the complex power function z ir , defined with respect to an appropriate branch of log z. Recall 2.1.
Theorem A . Let f : R → R be bounded below as x → +∞ by a compositional iterate of log x. If (R, f ) is o-minimal and (R, e if ) does not define N, then there exist r > 0 and c ∈ C\{0} such that e if ∼ cx ir . Moreover, (R, e if ) defines x ir , hence also the group (e π/r ) Z .
Proof. Note that (R, e if ) defines f (= (e if ) /ie if ) and (R, f ) is o-minimal. We show that (R, f ) defines no h : R → R such that f ∼ h . Suppose otherwise. Then h is infinitely increasing (by L'Hôpital), (R, e if ) defines h −1 , and f • h −1 = x + g with g → 0. For each t ∈ R, we thus have e it = lim x→+∞ e if (h −1 (t+x)) /e if (h −1 (x)) , so (R, e if ) defines e ix , hence also N, a contradiction. As in the proof of 1.11, (R, f ) is polynomially bounded and f has an asymptotic expansion r/x + F , where r > 0 and F ∈ R((x R )) has support lying in (−∞, 0]; in particular, there exist a ∈ R and s > 0 such that f = a + r log x + o(x −s ). Hence, e if = e ia x ir e io(x −s ) . For each t > 0, we have t ir = lim x→+∞ e if (tx) /e if (x) , so x ir is definable, hence also the kernel of x ir .
